We performed high-level ab initio calculations on electronic structure of NaK. The potential energy curves (PECs) of 10 Λ-S states correlated with the three lowest dissociation limits have been calculated. On the basis of the calculated PECs, the spectroscopic constants of the bound Λ-S states are obtained, which are in good agreement with experimental results. The maximum vibrational quantum numbers of the singlet ground state X 1 Σ + and the triplet ground state a 3 Σ + have been analyzed with the semiclassical scattering theory. Transition properties including transition dipole moments, Franck-Condon factors, and radiative lifetimes have been investigated. The research results indicate that such calculations can provide fairly reliable estimation of parameters for the ultracold alkali diatomic molecular experiment.
I. INTRODUCTION
Ultracold polar molecules with their long-range electric dipolar interactions, many internal degrees (electronic, vibrational, and rotational degrees of freedom), low temperatures and long lifetimes, promise a novel platform in a wide range of areas for studying correlated quantum many-body phenomena, e.g., a novel platform for quantum state resolved chemistry [1] , precision measurements of fundamental constants [2] [3] [4] , quantum computation [5] , quantum simulation [6, 7] . Currently, the most successful experimental pathways of producing ultrapolar molecules can be divided into two main steps [8] : (i) the formation of weakly bound molecules by association of a pair of ultracold atoms via a Feshbach resonance, (ii) coherently transferred into the absolute rovibrational ground state via a two-photon stimulated Raman adiabatic passage (STIRAP) by means of avoided crossings or radio-frequency transitions. STI-RAP is based on a so-called Lambda scheme of energy levels: the population is transferred from an initial level |i⟩ (usually referred to as a Feshbach molecule/Fano-Feshbach resonance mixed singlet and triplet symmetries) to a final level |g⟩ via an intermediate level |e⟩ (the |e⟩ levels possessing noticeable dipole-allowed transition probabilities with both |i⟩ and |g⟩). To realize transfer with high efficiency from weakly bound Feshbach molecules to the absolute ground state needs a properly designed two-photon stimulated Raman process. High-precision ab initio calculations can provide reliable estimation of important physical parameters, including (i) accurate Born-Oppenheimer potentials for the ground and excited states, (ii) the maximum bound states of the ground singlet state and triplet state in order to obtain proper Fano-Feshbach resonance states, (iii) the laser wavelength range for the two transitions from the initial Feshbach state to the intermediate state and from the intermediate state to the molecular ground state.
The diatomic heteronuclear alkali-metal molecules are an ideal candidate system for ultracold polar molecules, due to the easy realization of ultracold alkali atoms and the large permanent electric dipole mo-ment. Recently, Yang et al. [9] detected magnetically tunable Feshbach resonances in ultracold collisions between the ground state of NaK molecules and K atoms. Hartmann et al. [10] carried out a detailed investigation of Feshbach resonances in Na+K mixtures and provided refined potential curves for the NaK molecule. However, comprehensive account of scattering and near-threshold properties is still lacking [11] , and there exists a significant gap between the highest observed vibrational levels and the asymptotic region where the Feshbach resonances take place [12] .
Due to the chemical stablility of the ground state, NaK molecule is chosen by most experimental groups. In 2015, Zwierlein et al. [13] firstly realized the nearly quantum degenerate ultracold NaK gas and transformed the Feshbach molecule to the absolute ground state of NaK with a 75% transfer efficiency. Our current study on the NaK molecule attempts to describe the electronic structures and spectroscopic properties of the excited states of the alkali diatomic molecules by using high-level ab initio calculations, and provides reliable information about the Fano-Feshbach resonance state and the laser wavelengths used in the STIRAP experiment.
Alkali dimers can be treated as systems with two active electrons moving in a field of two ionic cores, and the core-polarization effect and core penetration effect are very notable in the alkali atoms. The results from the traditional high-precision quantum calculation method such as configuration interaction (CI) method even dealing with the low excited states of Na atom, K atom, or their molecules, will exhibit a large deviation from the experimental data. In 1984, Meyer et al. [14] simply added a semi-empirical core polarization potential to the valence electrons Hamiltonian. A cutoff function is then introduced to deal with the interaction effects in short range, and to overcome computational difficulties. The deviations of the harmonic frequency ω e and the dissociation energy D e of the ground state between theoretical calculations and experimental data are 1 cm −1 and 100 cm −1 , respectively. In the framework of pseudopotential methods, Jeung et al. [15] [16] [17] calculated the potential curves of 9 Λ-S states of the NaK molecule. The average deviations of the equilibrium internuclear distance R e , the minimum of the potential curve T e , the harmonic frequency ω e , and the dissociation energy D e of these states are 0.18 a 0 , 491 cm −1 , 5.48 cm −1 , and 481 cm −1 , as compared to the experimental values. In 1996, Magnier et al. [18] systematically analyzed the potential energy curves (PECs) of the ground state and excited states of the NaK molecule in the framework of pseudopotential model, including 14 Σ + states, 10 Π states, and 5 ∆ states. The different cutoff parameters of ρ s , ρ p , ρ d , and ρ f , etc., have been set according to the individual atomic orbit, which are more accurate than those obtained by the single cutoff parameter method used by Meyer [12] . These calculated deviations from the experimental values for R e , T e , ω e , and D e of the 9 Λ-S states decreased to 0.04 a 0 , 46 cm −1 , 1.24 cm −1 , and 72 cm −1 , respectively. In 2000, Magnier et al. [19] extended the quantum calculation range, including 17 Σ + states, 13 Π states, and 7 ∆ states, and provided permanent electric dipole moment and transition dipole moment (TDM) of partial excited states. They also presented the severe distortion of the PECs of the B 1 Π and b 3 Π states for the strong interaction leading to the avoided crossing in short range and ionic covalent bond interaction in long range. In experiment, rovibrational energy levels and partial hyperfine structure of the singlet state and triplet state including
, have been determined. A number of measurements by laser induced fluorescence spectroscopy indicate that the transitions B 1 Π→a 3 Σ + and D 1 Π→a 3 Σ + give the evidence of the mixing of the singlet excite state and triplet excite state [3, [18] [19] [20] .
II. CALCULATION MODEL AND METHOD
In this work, the pseudopotential model based on the core-polarization modification and the ab initio method is adopted. The pseudopotential model is used to simplify the atom of Z nuclear charges and N electrons to the equivalent system of N v (=N −n core ) valence electrons and (Z−n core ) core nuclear charges, in which the core is served as a chemical stable unit and its affection on the valence electrons is described by the nonlocal (independent of the principal quantum number n and azimuthal quantum number l) or semilocal (only dependent of the azimuthal quantum number l) form. In contrast to the full electron quantum chemical calculation, the pseudopotential model losses the calculation accuracy generally, especially resulting in the large uncertainty for the core-polarization effect. Thus, including the core-polarization can describe the corevalence electron interaction more accurately, and decrease the uncertainty from the core frozen model. The core-polarization modification of pseudopotential model includes the polarization terms arising from the corevalence electron inter-attraction and core-core mutual interaction, which gives a preferable description of polarization effect between the core and valence electron and affection on the valence electron from the electric field generated by certain core and the interaction from all other cores. When the pseudopotential model is used to describe the potentials of valence electron-valence electron, valence electron-core, and core-core, the core itself cannot be served as an ideal particle, but a circle with a radius r core . When the distance r between the valence electron and the core is smaller than the radius r core of the core, the potential terms need to be truncated. There are two general approximation methods: (i) to multiply each potential term by a cutoff function (1−e −(r/ρ) 2 ) or quadratic term (the cutoff parameter ρ is applied to the electron of different angular momentum), which can make the potential energy term of the valence electronvalence electron and the valence electron-core quickly attenuate to zero; (ii) to set the cutoff function as a segmented function, that is, when r≤r core , the value of the cutoff function is set as zero, when r>r core , the cutoff function is set with different ρ λ parameters according to the angular momentum of the electron. The former study indicates that the uncertainty of the single cutoff parameter method will increase significantly with the intensity of the core-polarization. To the light alkali atom, the uncertainty of the single cutoff parameter method will be rather small. For example, the uncertainties of the calculations with the single cutoff parameter method about the transitions 2 P→ 2 S of Li, Na, and K atoms are only 20 cm −1 , 44 cm −1 , and 20 cm −1 , respectively. However, the uncertainty with the single cutoff parameter method applied in the calculations of the heavy alkali atom will become quite large. The extrapolation uncertainty from Stevens's calculations [21] comes up to 220 cm −1 . In order to keep the accuracy and simplify the calculation as much as possible, the single cutoff parameter method will be adopted in the present work.
After describing the molecular system with the corepolarization modification pseudopotential model, the PECs of the exited states need to be derived with the quantum chemical calculation method. In the present work, the full valence CI reference with intrinsic contraction is applied to calculate the PECs of the 10 electronic states correlated with the three lowest dissociation limits, and the quantum chemical calculations are accomplished in the MOLPRO 2010 package [22] . The ECP10SDF and ECP18SDF are employed to describe the structure of the pseudopotential of Na and K atoms. The basis wave function of Na atom con- The calculation of the matrix element of the corepolarization is employed with the CPP subroutine in the MOLPRO program package, in which the core dipole polarizabilities of the Na and K atom α Na and α K are 0.9947 a 0 and 5.354 a 0 , respectively. The exponents of the cutoff parameter (1/ρ Na ) 2 and (1/ρ K ) 2 are 0.62 and 0.29 respectively. Due to the adoption of the effective potential energy of the single valence electron, the number of the valence electron in the whole molecular system is only 2, and thus the highest precision full valence CI method can be applied [23, 24] . In the optimization of the wave function of the full valence CI method, the 1 Σ + , 3 Σ + , 1 Π, and 3 Π states are chosen to do the energy scanning in the internuclear distance range of 2.5−20 Bohr. After obtaining the PECs of the electronic states, LEVEL procedure [25] is adopted to obtain the eigenvalue and eigenfunction of the bound state and the Frank-Condon factor for a pair of two states.
III. RESULTS AND DISCUSSION
A. Electronic structure and spectroscopic properties of Λ-S states of NaK
The dissociation relationships are presented in Table I. The calculated energy separations with respect to the ground-state dissociation limit (Na(3s)+K(4s)) are 13014 cm −1 and 16955 cm −1 , respectively, which are ∼10 cm −1 lower than the experimental data [26] . The PECs of the 10 Λ-S states are plotted in FIG. 1 . Spectroscopic constants for the 10 Λ-S states are evaluated and listed in Table II . Our calculation results agree well with known experimental data and other theoretical results: the differences between our computation and existing experimental results are 0.01−0.10 a 0 , 50−100 cm −1 , 2−4 cm −1 , and 20−150 cm −1 for R e , T e , ω e , and D e , respectively. It should be noted [27] that semi-empirical pseudopotentials give systematically shorter equilibrium nuclear distances than experimental values. To make the PECs more convenient for further applications, we give the analytical poten- tial energy function for the X 1 Σ + , A 1 Σ + , b 3 Π, B 1 Π, and a 3 Σ + states of NaK. The expression for analytical potential energy function can be written as
The fitted parameters and residual mean square of the analytical potential energy function are listed in Table III . The recent experimental production of ground-state ultracold polar fermionic NaK molecule comes from weakly bound Feshbach molecule/Fano-Feshbach resonance with mixture of the singlet X 1 Σ + and triplet a 3 Σ + states. The dominant component of the Fano-Feshbach resonance state is the corresponding quantum state of the highest bound state of the lowestexcited triplet ground state. Therefore, we can check in detail the accuracy of our calculations to compare our a 3 Σ + PEC with those known at large internuclear distances. As shown in FIG. 1, based on the asymptotic behavior for PECs of the singlet X 1 Σ + and triplet a 3 Σ + states and the semiclassical method (WKB), theoretical calculations can provide information about the maximum vibrational quantum state of the singlet and triplet ground states [28] . Table IV lists the vibrational quantum number of the maximum bound state of the X 1 Σ + and a 3 Σ + states of the three isotopes of the NaK molecules. The maximum vibrational quantum number of the bound state of 23 Na 39 K is calculated to be 19, which is in good agreement with the high-resolution observation [30] .
After the confirmation of the Fano-Feshbach resonance state, a proper resonant singlet-triplet coupling of the intermediate levels must be chosen to overcome the singlet-triplet transfer prohibition and efficient transfer of ultracold NaK molecules from the Na(3s)+K(4s) asymptote to the lowest levels of the ground state. In order to guarantee high-efficiency transfer to the absolute rovibrational ground state from a weakly bound Feshbach molecules via a coherent two-photon transfer, criteria for the intermediate state [14] are [B 1 Π, c 3 Σ + ]-system. Therefore, we calculated the probable mixing ranges between the vibrational levels of the two electronic states based on the energy of the first 40 vibrational levels (v=0−39) of the B 1 Π and c 3 Σ + states. Thus, the wavelengths of the two lasers ω 1 and ω 2 in the two-photon STIRAP are estimated. As displayed in Table V , our calculation results provide the absolute energy position of the vibrational levels of the a 3 Σ + , B 1 Π, and c 3 Σ + states of NaK molecule. Our calculation results predict that the v=0 vibrational level (17056.8 cm −1 ) of the B 1 Π state is close to the v=22 (17056.4 cm −1 ) of the c 3 Σ + state, and the v=14 vibrational level (17712.4 cm −1 ) of the B 1 Π state is near the convergence limit of the v=39 vibrational levels (17719.5 cm −1 ) of the c 3 Σ + state. Thus, the mixing range of the two electronic states is v=22−39 of c 3 Σ + and v=0−14 of B 1 Π state. In fact, Zwierlein et al. [13] chose the resonantly mixed complex for v=35 of c 3 Σ + to v=12 of B 1 Π. Therefore, the wavelength ranges for the two lasers ω 1 and ω 2 are estimated as Note: the expression for analytical potential energy function is written as Eq.(1). .61 a 0 , the DM of the X 1 Σ + is computed to be 1.16 a.u., which is in good consistence with experimental result of 1.05 a.u. [31] . The positive value of the DM of the X 1 Σ + indicates the Na δ− K δ+ polarity of the molecule. At the correspond equilibrium distance of A 1 Σ + , C 1 Σ + and B 1 Π, the DMs are calculated to be 0.03 a.u., 0.68 a.u. and −1.28 a.u., which agree with existing theoretical results of 0.02 a.u., 0.67 a.u. and −1.27 a.u., respectively. As depicted in FIG. 2, the DMs of the 10 Λ-S states tend to be zero as R→∞, illuminating that the dissociation products are neutral Na and K atom.
B. Transition properties and lifetimes
The TDMs between excited singlet and the ground state are computed by CI level of theory. The TDMs curves of C 1 Σ + -X 1 Σ + , A 1 Σ + -X 1 Σ + , and B 1 Π-X 1 Σ + transitions are plotted in FIG. 3 . At the equilibrium distance (R=7.63Å) of B 1 Π state, the absolute value of TDM of B 1 Π-X 1 Σ + transition is calculated to be 2.5 a.u., which is 0.4 a.u. smaller than previously available theoretical value of 2.9 a.u. [33] . As shown in 
where q v ′ v ′′ is the FCF of two vibrational states v ′ and v ′′ , TDM (in atomic unit) is the average TMD between classical turning points of v ′ vibrational state, ∆E v ′ v ′′ (in unit of cm −1 ) is the energy gap between vibrational states v ′ and v ′′ . Table VII lists the radiative lifetime of the excited states A 1 Σ + , B 1 Π and C 1 Σ + , and also lists the experimentally estimated lifetimes of low-lying vibrational states of B 1 Π [35] . For the v ′ =1, v ′ =2, v ′ =3, v ′ =4, and v ′ =5 vibrational levels of B 1 Π, the lifetime is computed to be 19.0, 19.4, 19.8, 20.1, and 20.6 ns, which agrees with experimental values of 13.4, 14.3, 13.5, 14.8, and 14.9 ns [35] . The calculated lifetimes of B 1 Π and A 1 Σ + are on the order of 10 ns, while lifetime of C 1 Σ + is one order of magnitude larger than those of B 1 Π and A 1 Σ + states.
IV. CONCLUSION
The PECs of the 10 Λ-S states of the NaK molecule correlated with the asymptotes of Na(3s)+K(4s), Na(3s)+K(4p), and Na(3p)+K(4s), have been computed with the ab initio method. On the basis of our calculated PECs, the spectroscopic constants of the bound states are evaluated, which are in good agreement with existing experimental results. The maxi-mum vibrational quantum numbers of the bound level of the singlet ground state X 1 Σ + and the triplet ground state a 3 Σ + have been calculated for the three isotopes 23 Na 39 K, 23 Na 40 K, and 23 Na 41 K, and analyzed with the semiclassical scattering theory, which agrees well with the experimental observations on 23 Na 39 K. The accurate DM curves and TDM curves of low-lying Λ-S states are computed at level of CI level. Based on the calculated TDMs, FCFs, and vibrational levels, the lifetimes of B 1 Π are determined, which are found to be in reasonable agreement with experimental results. The mixed vibrational levels between the c 3 Σ + and B 1 Π states have been analyzed according to the PECs of current theoretical calculations, and the laser wavelengths for the STIRAP process have been deduced, which can shed light on the formation of ultracold NaK molecular experiment.
